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Abstract 


We study the linking between the CP violating phase of the lepton sectors and the unitarity 
triangle of the B° meson system. Antusch, King, Malinsky and Spinrath have shown that 
the quark mass matrices with the negligible 1-3 mixing give an interesting relation between 
the phase of the quark mixing matrices and CP violating measure <f> 2 (ot). This approach 
is extended by considering the (SO(10) GUT including the Pati-Salam symmetry, which 
links the Yukawa matrices of the quark sector to the one of the lepton sector. We discuss 
the relation of the CP violating phases between both quark and lepton sectors as well 
as the mixing angles. Then, the leptonic CP violating phase is predicted in terms of the 
angle of the unitarity triangle of the B° meson system. The leptonic CP violating phase 
<5pmns is predicted in the region —74° ~ —89°, which is the consistent with the recent 
T2K results. Our predicted phase is sensitive to </> 2 (a) and (f >3 ( 7 ). These predictions will 
be clearly tested in the future neutrino experiments as well as the Belle-II experiment. 
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1 Introduction 


The neutrino oscillation experiments are going on the new step to reveal the CP violation in 
the lepton sector. The T2K experiment has confirmed the neutrino oscillation in the z/ /t —y v e 
appearance events [lj, which provide us the new information of the CP violation of the lepton 
sector by combining the data of reactor experiments [2j [3J, [5] . Therefore, the detailed study 

of the neutrino mixing including the CP violating phase gives us clues to reach the flavor 
theory [6]-[28]. 

On the other hand, the CP violating phase is well determined in the quark sector since 
the unitarity triangle of the B° meson system has been confirmed. The measurements of the 
three angles (j>i(/3), 02 (a) and <^ 3 ( 7 ) will be improved considerably by the Belle-11 experiment. 
In the extensions of the standard model (SM), the grand unified theories (GUTs) link the 
Yukawa matrices of the quark sector to that of the lepton sector. Therefore, one can study 
the relation of the CP violating phases between the quark and the lepton sectors as well as 
the mixing angles. 

The Yukawa matrices which have the 1-3 texture zeros (negligible 1-3 mixing) in both 
up- and down-quark sectors give us a clear relation between the Yukawa phase and the CP 
violating measure 0 2 (a) as discussed by Antusch, King, Malinsky and Spinrath [29]. In this 
paper, we extend this approach of the CP violating phase to the lepton sector [201 [3TJ and 
discuss the link of the CP violating phase between the quark and lepton sectors. 

By using some GUTs, the reactor angle of neutrinos is related to the quark mixing angle 
[32 , 33l [34l 3o] . Actually, one of the authors has examined the mixing angles of both quarks 
and the leptons in the S'O(IO) GUT including the Pati-Salam symmetry [ 36l [37] , In this 
paper, we predict the leptonic CP violating phase in terms of the unitarity triangle of quarks 
by using the S'O(IO) GUT with the Pati-Salam symmetry. The leptonic CP violating phase 
<5pmns is predicted to be —74° ~ —89°, which is the opposite sign against the quark CP 
violating phase 5 ckm- This prediction is consistent with the recent T2K results [I]. 

The paper is organized as follows. I 11 section 2, we present the unitarity triangle, </>i(/3), 
0 2 (a), 03 (7) and Jqp in terms of Yukawa phases, and examine these relations numerically 
by inputing the recent experimental data of the CKM matrix. The CP violating phase of 
the lepton sector is also discussed. In section 3, we discuss the linking between the quark 
CP violating phase and the leptonic CP violating phase by considering the S'O(IO) GUT, 
and predict the magnitude of the leptonic CP violating phase in terms of the angle of the 
unitarity triangle. The Section 4 is devoted to the summary. In the Appendix, we present 
the general formula of the quark and the lepton mixing. 


2 Mixing sum rules in quarks and leptons 

2.1 Quark mixing angle sum rules 

Let us start with discussing the quark mixing angle sum rules presented by Antusch, King, 
Malinsky and Spinrath [22J. The quark mass matrices are given in the Yukawa sector as: 
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£y — ul L{M u )ijU 3 R d l L (M ( i)ijd J R , ( 1 ) 

where M u and M d are the mass matrices of the up- and the down-quarks, respectively. The 
mass matrices are diagonalized 


V^ l M u V u r = diag(m u ,m c ,m t ) , Vj L M d V dR = diag(m d , m s , m b ) , (2) 

where V u l, V uR , V d L and V d R are unitary 3x3 matrices. The CKM matrix U' CKM is given 

Cckm = ViWi, (3) 

where the unphysical phases are included. 

The unitary matrix V q L (q = u, d ) can be written in terms of three angles and three 
phases S ( ] 3 as: 


V,L = V$u$u$, 


where Uf 2 , U. 23 and U q l are given as, 
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and U Ri J is also analogously written. Here c?- s?- are abbreviations for cos#?• and sin#?-, where 
#7 is always made positive by the suitable choice of the phase 5?-. Then, we can express the 
CKM matrix in terms of the up- and the down-mixing matrices as: 


tt/ _ ttuL] ttuL] ttuL] TTdLjTdLjTdL 

U CKM ~ U 12 u 13 u 23 u 23 u 13 U 12 * 


( 6 ) 


We can also express the CKM matrix by the products of three unitary matrices as follows: 

^CKM = U 2 ,U VS U V2 , (7) 

where 

/ ci 2 s 12 e~ iSl2 0 \ 

U 12 = I — si 2 e iSl2 Ci 2 0 I , ( 8 ) 

V 0 0 1/ 

and so on. Three mixing angles 9 t j and three phases Sij appear in U' CKM of Eq. (JTJ) , but two 
of three phases are removed away by multiplying the phase matrix in the right-hand side. 
On the other hand, in the PDG parametrization [38], the CKM matrix is given in terms of 
three mixing angles 6 tJ , which are same ones in Eq.flH]), and one phase <5ckm as follows: 

/ C 12 C 13 S 12 C 13 

KcKM = ( -S12C23 - Ci 2 S23Sl3e l ' 5cKM C 12 C 23 - Sl2S23Sl3e l,5cKM S 23 C 13 , (9) 

\ s 12 s 23 - c 12 c 23 s 13 e lScKM -C 12 S 23 - Si 2 C23Si3e l,5cKM c 23 ci 3 / 
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where and s tJ denote cos % and sin , respectively. Consequently, the CP violating phase 
5 ckm is expressed in terms of 5i 2 , S 23 and <5 i 3 as: 


<5, 
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( 10 ) 


Let us consider the phenomenological viable textures for the up- and the down-quark 
mass matrices, which have the 1-3 texture zeros (negligible 1-3 mixing). Therefore, taking 
9f 3 = 60 3 = 0, we can express the CKM matrix 

TT' — TT uL \ t juL] t jdL t jd,L (1 1'i 

^CKM ~ U 12 u 23 u 23 u 12 > AO 

where is the unit matrix. By using Eqs.dU) and (HID , we can derive the following relations, 


9 23 e~ iS23 = 9 d 3 e ~ iS * 3 - 6% 3 e~ iS ™ , 

'i2e-^(^e-^3-0« 3 e-«S3) , 


Q^e ~®^13 _ Q u /'ad „—iS 1 qu „—i5n 


e l2 e-““ = 0t 2 e ~ u & - , 


( 12 ) 

(13) 

(14) 


where we take the leading order in the small mixing angle by putting c*- d ~ 1 and s v > d ~ 9™- d . 
In order to see the effect of non-vanishing #“ 3 and 0“ 3 , we present the general formula and 
discussions in the Appendix. 

By using Eqs. (fT2]l and (1131) . one obtains 


qu _ ^13 

”12 ~ a ■ 
t>23 


By combining Eqs. (fT 2 ]h (fl3|) and (jT4|) . one gets 
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One also gets a relation by using Eqs. (fT 2 lh (TT3l) and (JT4J) : 
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Therefore, one obtains the phase sum rule 
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which is just the angle ^ 3 ( 7 ) of the unitarity triangle as seen later. 

The three angles of the unitarity triangle 0i (/?), 0 2 (ck), 03 ( 7 ) can be expressed in terms 


of 5f 2 — <^i 2 as follows: 


3 







0 i(P) = Arg 
02 («) = A rg 
03 ( 7 ) = Arg 


U cd U, 


cb 


Uuu; b _ 

UtdU* 

UudK b 

u ud u: b 

u cd u* cb . 


= A rg 


1 _ ^l e -i(sf 2 sh) 

9 d 


£ d 

^12 


' 12 > 


= Arg 


'12 


^h e -i(si 2 -< 5 ? 2 ) 


9 


12 


(20) 


where the CKM matrix elements £/*/s are expressed in terms of 9j- and 5^ by using Eq. tfTTTh 
We can easily check 0i + 02 + 03 = vr. It is noticed that 03 ( 7 ) is just <5ckm- Thus, the CP 
violating phases are given by Sf 2 — <5“ 2 an d @ 12/@12 i n this scheme. We can also give another 
CP violating measure, the Jarlskog invariant Jcp [39], as; 


J CP = Irn [U us U cb U* ub U: s ] = \U cb \ 2 9 u l2 9 d 2 sin (4 - 5“ ) . (21) 


Let us show numerical results in order to test the consistency of this scheme. We input 
the PDG data [38] for the CKM mixing elements and phase as follows: 

\U US \ = 0.22536 ± 0.00061 , \U ub \ = 0.00355 ± 0.00015 , \U cb \ = 0.0414 ± 0.0012 , 
Sckm = 0 3 (7) = 68 . 0 °^;°: . ( 22 ) 

Then we can obtain 5f 2 — <5“ 2 and 9 d 2 /9\ 2 by using Eqs. (fT5|h (H71) and (jT9|) . and so we can 
calculate sin 20! (0), 02(cc) and Jcp by using Eqs. ([20]) and (l2T]h 

Taking account of the experimental error with 90% C.L. for the input data, we plot the cal¬ 
culated regions of sin20 1 (0), 02(a) and Jqp on the planes of sin 20!(0)-0 2 (a), sin 20 x (/?)- Jcp 
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Figure 1: The predicted region on the 
sin20!(0)-0 2 (a) plane. The solid and 
dashed lines denote the central values and 
the errors with 90% C.L. of the experi¬ 
mental data, respectively. 
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Figure 2: The predicted region on the 
sin 20! (f3 )-Jcp plane. The solid and 
dashed lines denote the central values and 
the errors with 90% C.L. of the experi¬ 
mental data, respectively. 
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Figure 3: The predicted region on the 
fa{a)-Jcp plane. The solid and dashed 
lines are same in Figs. 1 and 2. 
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Figure 4: The allowed region of 5f 2 ~ 
and 0 f 2 /di 2 with the constraint of the uni- 
tarity triangle. 



and 02 (ex)- Jcp in Figures 1, 2 and 3, respectively. In these figures, the following experimental 
bounds with 90% C.L. are also shown: 

sin 20 !(0) = 0.682 ± 0.019, 0 2 (a) = 85.4°±|;|o , J C p = 3.06^ x 10~ 5 . (23) 

The calculated sin20!(0), 02 (a) and Jcp are consistent with the experimental data although 
some regions are excluded by the experimental bounds. Thus, the CP violation is successfully 
expressed in terms of 8f 2 — <5 “ 2 and 9f 2 /9 “ 2 , which come from the quark mass matrices. By 
imposing constraints of the experimental data of the unitarity triangle in Eq. (j23p . we finally 
obtain the allowed region of Sf 2 — 5 “ 2 and 9f 2 /9'“ 2 as shown in Figure 4. Taking this allowed 
region of 5f 2 — 5“ 2 , we will discuss the CP violating phase in the lepton sector. 

2.2 Lepton mixing angle sum rules 

Similar discussions lead to sum rules for the mixing angles and the CP violating phase in 
the lepton sector [301131] . For the lepton mixing | 4Ql [4l] . we write a general unitarity matrix 
I/pMNs including the Majorana phases ^i, <^2 and the Dirac phase <5 pmns as follows: 

K MNS = diag(e i5e , e^, e^) • I/ PM ns ■ diag( e -^/ 2 , e"*”/ 2 ,1) . (24) 

Here C/pmns is the lepton mixing matrix corresponding to the quark one of Eq. (l9]h in which 9ij 
and Sij are redefined in the lepton sector. We replace the quark mixing angles and the phases 
Ofj, 6 *“-, Sfj, S with the lepton ones 0®-, 9^, 5^, 5^ , where superscripts e and u correspond to 
the charged lepton and the neutrino, respectively. 

The observed mixing angles 6*23 and 9 12 are order one while 9 13 is order of the Cabibbo 
angle in the experimental data. Therefore, it is reasonable to suppose 9\ 3 = 9i 3 = 0 as well 
as in the quark sector. So, we can take the PNMS matrix to be 

TT' — T T eL \ T J eL \ t tuL t tvL 

^PMNS — L 12 ^23 ^23 u 12 ■ 
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Then, the PMNS mixing angles %’s are given in terms of #'?•, 0 \ rj , and <5®-, as follows: 

c, 3 S23e-“” = 4W <i& - e* 2 Ae- a h , 

Sise-*’ = , 

c, 3 Si 2 e-““ = sr 2 e- iS & - 9; 2 c; 3 cr 2 e-“5= , 


(26) 

(27) 

(28) 


where we take cos#?- ~ 1, sin#?- ~ #?• and sin# 13 ~ # 13 . The leptonic CP phases can be 
extracted via 

111 

8l2 = -(<£>2 — > ^23 = — -<^2 ) ^13 = <5pMNS _ -<^1 ■ (29) 

In this situation, the neutrino large mixing angles come from the neutrino mass matrix, 
and the reactor angle # 33 is given by the correction from the charged lepton sector. By 
Eqs. (|26T) and ([271) . we obtain 

#i 3 e-^ 13 = _ 9 e 2Ci3S23e -i(st 2+ s 2 3) (30) 

which gives us simple sum rules for mixing angles and phases 

#13 — #12 S 23 ) ^13 = $12 + $23 ~ 71 ■ (31) 

Supposing #| 3 -C 0.1 in Eq. ([2B]) . we obtain 

s 23 — ^23 , $23 = $23 ■ (32) 


On the other hand, Eq. f|28l) turns to 


ci 3 si 2 e- i512 = -e e 12 c^ 12 e- i5 ^ 
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which leads to 
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where 0 is given by 
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Therefore, the leptonic CP violating phase $pmns is given as 


(35) 


$PMNS — $13 — (>23 — 5i2 — 4> — 2n = (j) . (36) 

Thus, the leptonic CP violating phase is given by Sf 2 — $i 2 , which is similar to 8c km of the 
quark sector in Eq. (fl9|) . It is remarked that $pmns is given by the replacement of d —* u and 
u —y e in <5ckm- This situation is understandable since the CKM matrix is V^ L VdL while the 
PMNS matrix is V^ L V uL . 
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3 Linking leptons to quarks 

3.1 GUT relation between quarks and leptons 

The GUT models relate 9\ 2 to the quark mixing angle. Especially, 6 12 - °c with 9c being 
the Cabibbo angle, comes from the GUT relations between the down-type Yukawa matrix 
Y d and the charged lepton Yukawa matrix Y ei and then one obtains the successful relation 

9 l3 ~ 9 C /V 2 from Eq.® SD EZl E3|. 

In order to link the lepton mass matrices to the quark mass matrices, we consider the 
SO(IO) GUT, which is broken down to the SM gauge group through the Pati-Salam symmetry 
[SUEZ]. In this setup, the quark Yukawa matrices Yd, Y u , the charged lepton Yukawa matrix 
Y e and the Dirac neutrino Yukawa matrix Y v are symmetric ones, and Y d = Y e and Y u = Y V 
are guaranteed except for the group theoretical Clebsch-Gordan (CG) factors in each element, 
which depends on the GUT operators. The left-handed Majorana neutrino mass matrix is 
not directly obtained from the up-quark Yukawa matrix Y u since it is related with the Dirac 
neutrino mass matrix with the seesaw mechanism, and we therefore have some freedom 
coming from the right-handed neutrino mass matrix Mr. The remarkable difference of the 
mixing angles between the CKM matrix and the PMNS matrix is due to the flavor structure 
in the right-handed neutrino mass matrix Mr. 

Now, one can take [32, [33] 

^12 = ^12 ■> (37) 

which leads to 9\ 3 ~ 9c/V2. This relation was examined by the renormalization group 
running [ED], and then, it is justified to be a good approximation at low energies. Therefore, 
we use it as the low energy relation in our work. 

As well as the mixing angles, the phases of the Yukawa matrix elements are also related 
with each other in both quark and lepton sectors. Since Y d = Y e and Y u = Y u except for CG 
factors, we can discuss the relation of the Dirac phases between the quark and the lepton 
sectors. In order to simplify the discussion, we take the real base for Y u and Y v , that is 
^12 = £12 = 0 and S 23 = S 23 = 0. One can take this base in general as follows. Through 
multiplying both side of Eq. (fT2lh Eq. (lT3]) and Eq. (fT4j) by the phase factors e tS % 3 , e l ^ 2+5 h) 
and e ?<5 i 2 , respectively, the phases e*^ 2 and e l&23 are removed in the up-quark mixing, while 
the down-quark phases turn to — 5^ as seen in the right-hand sides. The phases of the 
left-hand sides can be again redefined as 8 iy In the lepton sector, the same discussion is 
available in Eqs. (l26|) . (127|) and (128|) . 

Due to Y d = Y e with the real Y u and Y U) we obtain 

^12 = ^12 • (38) 

The neutrino flavor mixing is much different from the up-quark flavor mixing because of 
the seesaw mechanism. If the right-handed neutrino mass matrix Mr is real apart from the 
Majorana phases in this base, Dirac phases do not appear in the neutrino mixing matrix. 
The CP violating Dirac phases appear only in the charged lepton sector. A typical example 
is the tri-bimaximal mixing, which is the real mixing with 9" 3 = 0 [321 S3] • Then, the leptonic 
CP violating phase comes from the charged lepton sector as well as the non-vanishing 9\ 3 . 
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Taking account of the phase redefinition, we rewrite Eq. (I38|) as 

<5i2 - ^2 = , (39) 

which is the link of the CP violating phase between quarks and leptons. By using this 
relation, we predict the CP violating phase of leptons, <5pmns- 


3.2 Predicting CP violating in lepton sectors 


Let us consider the case, in which the mixing angles and the phases of the quark and lepton 
Yukawa matrices satisfy the relations in Eqs. 11371) and fflEfl) . respectively. Then, the <5pmns is 
given in terms of 0 2 (a) by using Eq. (l36l) : 


<5pmns — 0 — Arg 
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u 12 c 23 c 12 
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(40) 


We can calculate 5 pmns without assuming the flavor structure of the neutrino sector since 
the values of 0% 3 and 9\ 2 are obtained by the experimental data as seen in Eqs. (l32j) and 
flMD, while 9\ 2 is fixed by Eq. (13711 . For input data in our calculations, we use the results of 
the global analysis of the neutrino oscillation experiments for 0 12 , 0 2 3 and 9 1 3 [441 UlISE]- 
Now we predict <5 pmns i 11 terms of the CP violating phase of the quarks by using Eq. (l40]) . 
We obtain 5 pmns in the region of —74° ~ —89° which is consistent with the recent T2K 
results with 90% C.L. [T|; — 1 . 187 T < Sep < 0.157T (—0.917T < Sep < — 0 . 087 t) for the normal 
(inverted) hierarchy of neutrinos. The predict 5 pmns is the opposite sign against 5 ckm, which 
is due to that 5 pmns is given by replacement of d —> v and u —> e in 5 ckm- 

We show the predicted <5 pmns versus 0 2 (a), sin20i(/3), ^ 3 ( 7 ) and Jqp in Figures 5, 6 , 
7 and 8 , respectively. As seen in Figure 5, <5 pmns has a linear dependence of 0 2 (a) with 
somewhat uncertainty, which is due to the error of input data, 9 12 and 9 2 3 , as seen in Eqs. 
(l32]h (1341) and (l40lh The more precise data of 0 2 (a) in the B° meson system gives the more 
accurate prediction of <5 pmns- If the 0 2 («) is just a right angle, 5 pmns should be —75° ~ —80°. 

On the other hand, 5 pmns is insensitive to sin20 1 (/3). As seen in Eq. (12U|h sin20 1 ( / 3) 
depends on 9i 2 /9f 2 , where the uncertainty of 9f 2 and 9 32 comes from the experimental error- 
bar of the CKM matrix elements \U u b\, \U c b\ and 03( 7 ) as seen in Eq. dTTlh Therefore, the 
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Figure 5: Predicted 8pmns vs.0 2 (a). 
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Figure 6: Predicted 5pm ns vs. sin20 1 (0). 









Figure 7: Predicted 6 pm ns vs. <^ 3 ( 7 ). 


Figure 8: Predicted 5 pm ns vs. Jcp- 


sin 20i (j3) dependence of <5 pmns will be seen after the more precise determination of the CKM 
matrix elements \U u b\, \U c b\ and ^> 3 ( 7 ) in the future experiments. 

It is found that 5 pmns is sensitive to 03(7), which also depends on 9f 2 /6\ 2 . bi this case, 
since 0f 2 is given for the fixed 03 (7), the uncertainty of 6f 2 is significantly reduced. The 
predicted 5 pmns is insensitive to Jcp- 

4 Summary 

We have discussed the linking between the CP violating phase of the lepton sector and the 
unitarity triangle of the quark sector. The 1-3 texture zeros (negligible 1-3 mixing) in the up- 
and the down-quark mass matrices have given us an interesting relation between the Yukawa 
phase and CP violating measure 02(a) [29]. We have examined this relation by using the 
recent data of three angles of the unitarity triangle in the B° meson system and the CP 
violating measure Jcp■ We have found that the CP violation is successfully expressed in 
terms of Sf 2 — S™ 2 and 9f 2 /9 “ 2 , which come from the quark mass matrices. 

We have extended this approach by considering the 50(10) GUT including the Pati- 
Salam symmetry, which links the Yukawa couplings of the quark sector to the one of the 
lepton sector. Then, there is a simple relation of the CP violating Dirac phases between 
both quark and lepton sectors as well as the mixing angles. We have predicted the leptonic 
CP violating phase in terms of the angle of the unitaity triangle of quarks. The leptonic CP 
violating phase <5pmns is in the region —74° ~ —89°, which is the opposite sign against 5ckm- 
The predicted value is the consistent with the recent T2K results. Our predicted <5pmns is 
sensitive to 02 (a) and 03 ( 7 ), on the other hand, insensitive to sin 20!(0) and Jcp■ Our 
predictions will be tested in the future neutrino experiments and the Bellc-II experiment. 
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Appendix : General mixing of Quarks and Leptons 


The CKM matrix is given in general as: 
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Then, we have mixing sum rules: 


0 23 e~ iS ™ = (4e“^ 3 - ■‘>2 3 e 


u -—i 6 . 


23 ^ 12 


12 e l s 13 e 


$13 e * <513 — — S 12 


e ' i<5 “ 2 (s 23 e i<5 23 - s 23 e iS % 3 


Oi 2 e 


~ iSl2 = (s^e-^12 


u -i 5“ 2 
*12 e 


) + s 33 e i5 “ 3 (s£,e iS ™ 


d „-iSf 3 _ u 

*13 e 

—iSin n u ^—iS 
3 e 
— 


) + (4e-" r « - 4e"" r ») . 


( 41 ) 


(42) 


’23 c 


s 23 e 


"23 


where we keep the second order of the small mixing angles by putting c“’ d ~ 1 and s“’ d -C 1. 
The angle of the CP violation 0 2 (a) is defined in terms of the CKM matrix elements as 


02 (a) = A rg 
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~ A rg 
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where U ub is given by 0i 3 e -l<513 in Eq.(l42lh On the other hand, U t d is expressed as 
Utd = sf 2 e iS ^ 2 (s 23 e iS ^ - s 23 e i523 ) + (s“ 3 e* d “ 3 - sf 3 e iS «) . 

Then, 0 2 (a) is obtained as follows: 

sf 2 e iS ^(s^ 3 e iS & - s% 3 e iS23 ) + (s^e^ 3 - s^is) 


02(a) = Arp 
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■,d 


(43) 


(44) 


(45) 


We obtain easily 0 2 (a) = <5f 2 — <f 32 if s“ 3 = sf 3 = 0 is put. In the case of non-vanishing s' 
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and sf 3 , 02(a) depends on the extra parameters of the (1-3) mixing in additon to Sf 
Even if sf 3 has a non-vanishing value with s“ 3 = 0, this situation is not changed, and vice 
versa. Thus, we lose the predictive power for the CP violating phase unless s“ 3 = sf 3 = 0. 

Instead of s“ 3 = sf 3 = 0, if we put the s 32 = sf 2 = 0 or s 23 = s 23 = 0 we get 02 (ck) = 0 
as seen in Eq. (|45lh which is inconsistent with the experimental data of the CKM mixing. 
In conclusion, s“ 3 = sf 3 = 0 is the minimal choice in the standpoint of the texture zeros to 
discuss the CP violation of the CKM mixing. 

Let us discuss the PMNS matrix, which is given as, 


ttI _ TTeL\jTeL\jTeL\jjvLjTvLjTvL 

U PMNS — L 12 a is 0 23 U 23 tv 13 (J 12 


(46) 


Taking sf ■ <C 1 in the charged leptons and the mixing angles with order one in the neutrinos, 
we obtain 


ci35 23 e- i523 = 


s 23 C 23 C 13 e lS23 + S 


12 s 13 e 


*Ul3 ^12) 


*<5l3 _ 


v p ~ i5 13 _ S e C v C v p~ iS 13 

O ^1 WiqtooC 


Sl3e — s 12 c 13 e 12 l s 23 e 23 s 23 C 23 e 23 ) + s 13° *" ' , 13 L '13 L '23 

n a _ „v c v „—iSi 2 c e n v n v e~ iS 12 J- a e c" n v e —i ( 5 13 — 

Cl3'Sl 2 e — C 13 S 12 e 12 — S 12 Ci 2 C 23 e + s 13 S 23 C 12 e ■ 


(47) 


Since the observed s 2 3 and s i2 are large, we cannot take s 23 = 0 and s" 2 = 0 if the charged 
lepton mixing angles is assumed to be order of the quark ones through the GUT model. 
Therefore, the input of s 33 = 0 in addition to s 33 = 0 is a reasonable one. If we take s 33 ^ 0, 
it is an extra parameter as seen in Eq. (14711 . Then, we lose the predictive power for d\ 3 and 
the CP violating phase 5pmns- 
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